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Incremental  Diffraction  Coefficients  for  Planar  Surfaces, 

Part  1:  Theory 


1.  INTRODUCTION 

Consider  an  electromagnetic  wave  in  free  space  Incident  upon  a  perfectly  conducting  scattcrcr.  To  a 
0rst  approximation,  the  surface  current  induced  on  the  scattcrer  will  be  the  physical  optics  (?0)  current, 
that  Is,  2A  X  Hi  on  the  illuminated  side  of  the  scattcrer  and  zero  on  the  shadow  side.  To  obtain  the 
scattered  fields  radiated  by  the  PO  current,  the  PO  current  (multiplied  by  the  free  space  Green’s  function) 
can  usually  be  integrated  numerically,  sometimes  analytically,  and  often  asymptotically  for  certain  regions 
of  observation.  In  particular,  a  variety  of  computer  progrants  exist  for  calculatlttg  the  far  fields  of  reflector 
antennas  by  itttegruting  the  PO  current  induced  on  the  reflector  by  a  given  feed  illumination.' 

Of  course,  the  scattered  fields  obtained  from  tite  PO  current  will  not  be  exact  unless  the  PO  current 
equals  the  total  surface  current.  Titus,  the  accuracy  of  the  computed  scattered  fields  cait  be  Improved  If 
one  can  estimate  the  contribution  to  the  scattered  fields  of  the  dUferenee  bens’cen  the  total  and  PO 
currents.  IJven  for  electrically  large  scaitcrcrs,  ilii-s  difici'ence  current  or  "nonunifontt  current,”!  to  use  the 
tcminology  of  Ufimtsev,'-*  can  strongly  affect  die  scattered  fields.  I’or  example,  the  far  fields  of  the 
nonuniform  currem  near  the  rims  of  reflectors  can  appreciably  change  the  further-out  side  lobes  of  the 
copolarizcd  fields  and  all  the  lobes  of  tlic  cross-polarized  fields. in  general,  the  inclusion  of  the  fields 
radiated  by  the  nonuniform  airrcnls  Is  csjKdaliy  important  for  the  accumte  determination  of  cross- 
polarized  fields,  side-lobe  fields,  and  fields  near  nulls. 

If  one  docs  not  know  the  exact  solution  to  the  scattering  problem,  one  must  approximate  the 
nonunifonn  current.  Ufimtsev,*-*  in  developing  his  "physical  theory  of  diffraction"  (PTD),  a,vsumcs  that  the 
nonuniform  current  at  a  given  point  on  a  general  electrically  large  scattcrer  is  approximately  equal  to  the 
nonunlform  airrcnt  of  a  corrcs|X)nding  canonical  scattcrer  that  confonns  to  the  shape  of  the  general 
scattcrer  in  the  locality  of  die  given  point,  (fhe  incident  field  for  the  canonical  scattcrer  is  also  chosen  as 

(Received  for  publication  l-f  April  1987) 

tNonunifomi  currents  near  edges  arc  cotnmoniy  called  "fringe  currents."*^ 
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the  incident  field  in  the  locality  of  the  given  point  on  the  general  scatterer.)  For  example,  the  nonuniform 
current  near  the  rim  of  an  illuminated  thin-metal  reflector  would  be  approximated  locally  by  the  nonuni¬ 
form  current  near  the  edge  of  a  correspondingly  illuminated,  perfectly  conducting  half-plane.  Similarly,  the 
nonunifbrm  current  near  the  slits  between  panels  that  may  form  the  reflector  surface  would  be  approxi¬ 
mated  by  the  nonuniform  current  near  an  infinite  straight  slit  in  an  infinite  perfectly  conducting  plane. 

Typically,  the  predominant  nonuniform  currents  vary  rapidly  over  a  transverse  distance  less  than  a 
wavelength.  Moreover,  closed-fbnn  expressions  for  the  nonuniform  currents  of  canonical  problems  are  not 
generally  available.  Thus,  unlike  the  PO  current,  it  is  usually  impractical  to  numerically  integrate  the 
nonuniform  currents  on  a  general  scatterer  to  obtain  their  radiated  fields. 

Fortunately,  the  far  fields  radiated  by  the  nonuniform  currents  of  a  number  of  two-dimensional 
canonical  problems  can  be  expressed  in  closed  form,  even  though  the  nonuniform  currents  themselves 
usually  cannot.  Specifically,  the  total  diffracted  far  fields  that  result  from  plane-wave  illumination  are  known 
in  closed  form  for  these  canonical  scattcrers.  In  addition,  the  PO  current  for  these  scattcrers  under 
plane-wave  illumination  can  usually  be  integrated  to  obtain  closed-form  expressions  for  the  PO  diffracted 
far  fields.  Thus,  the  far  fields  radiated  by  the  nonuniform  currents  of  these  two-dimensional  canonical 
problems  can  be  found  in  closed  form,  simply  by  subtracting  tlic  PO  far  fields  from  the  total  far  fields, 
since  the  nonuniform  current  is  defined  as  the  difference  between  the  total  and  PO  currents.  Of  course, 
this  technique  for  finding  the  fields  radiated  by  the  nonuniform  currents  of  canonic-al  scattcrers  is  precisely 
the  one  that  Ufimtsev  used  to  obtain  closed-form  expressions  for  the  nonuniform  or  PTD  diffraction 
coefficients  for  the  perfectly  conduaing  wedge.^-^  Because  the  total  diffracted  fields  define  the  coefficients 
of  the  geometrical  theory  of  diffraction  (GTD),^-^  one  is  also  correct  in  saying  that  Ufimtsev  obtained  the 
PTD  dlffiaction  coefficients  by  subtracting  the  PO  diffraction  coefficients  from  the  GTD  diffraction 
cocfficlcnts.f 

Through  an  asymptotic  analysis  of  the  diffraction  integral.  Van  Kampen^-'^  shows  that  the  dominant 
high-frequency  diffracted  fields  of  a  general  three-dimensional  scatterer  emanate  (or  appear  to  emanate) 
ftom  "critical  points"  on  the  scatterer  where  the  ray  path  length  becomes  stationary  or  discontinuous 
(including  discontinuities  In  derivatives  of  the  path  length).  Van  Kampen  show  further  that  the  critical 
points  can  be  divided  Into  critical  points  of  the  first,  second,  or  third  kind  dcjjcnding  ujwn  whether  they 
are  (1)  stationary  points  on  the  surface  of  integration  (specular  reflection),  (2)  stationary  points  along  a 
curve  (edge,  shadow,  boundary,  etc.)  bout,  ling  the  surface  of  integration,  or  (3)  discontinuities  (such  as 
comets  and  tips)  in  die  slope  (or  higher  order  derK-aiivcs)  of  a  bounding  ainx. 

When  the  frcxiueticy  is  high  cnotigh  that  several  Fresnel  2onc,s  arc  contained  in  a  ncighhorhtxid  of  a 
critical  pom;,  and  the  .'unplitutle  of  the  incident  field  doc.s  not  vary  appreciably  over  thb  neighlwrhtXKl,  the 
diffracted  f  eh*  o'*  .his  critical  point  Is  well  approximated  by  the  first  tcmi  of  the  high-frequency  asytnptotic 


tPor  twtvdlmemtonal  canonical  problems  of  infinite  cross  section,  like  the  j^rfccUy  conducting  wedge,  the  far  fields  of 
the  total  and  PO  current  for  an  incident  plane  ware  approach  infinity  at  the  shadow  and  reflection  boundaries.  Since 
the  PO  current  Is  remored  from  the  total  airrent  in  the  determination  of  the  PTD  diffraction  coeffidems,  the  PTD 
diffraction  coefficients  for  such  canotiical  problems  hare  die  ad\-aniage  of  the  GTD  coefficients  of  remaining  finite  at 
shadow  and  reflection  botindarics,  cxcc|)t  for  grazing  Incidence  along  an  Infinite  fact.  The  GTD  coefficients,  when 
applied  to  general  scattcrers.  base  the  advantage  orer  the  PTD  coefficients  of  not  requiring  a  separate  evaluation  of  the 
PO  fields  away  from  the  shadow  and  reflection  boundaries.  The  GTD  singularities  at  the  shadow  and  rcflcalon 
boundaries  arc  remored  In  "uniform  geometrical  theories  of  diffraction"  that  consider  the  source  or  field  points  at  a 
finite  distance  from  the.  scatterer.  Hov.-erer,  the  shadow  and  reflection  singularities  remain  a  difficulty  for  GTD  under 
scattering  conditions  most  commonly  encountered  In  practice,  namely,  large  distances  to  the  source  and  field  points. 
Also,  in  the  panlcular  case  of  a  plane  H-wave  illuminating  a  wedge,  both  the  GTD  and  PTD  diffraction  cocfficicms  arc 
discontinuous  across  the  frees  of  the  wedge,  os  a  function  of  cither  the  incident  angle  or  the  scattering  angle.  In 
applying  the  wedge  diffraction  coefficients  to  general  scattcrers,  these  facc-angic  discontinuities  can  be  removed,  but 
only  by  ad  hoc  imncation  of  the  current  alls  or  by  considering  multiple  Interactions,  If  possible,  between  different 
pam  of  the  scatterer.* 


expansion.^  Under  these  conditions,  the  three-dimensional  diffracted  fields  ft’om  a  critical  point  of  the 
second  kind  lie  on  the  local  cone  of  diffraction  and,  therefore,  can  be  expressed  directly  in  terms  of  the 
diffraction  coefficients  of  the  two-dimensional  canonical  scatterer  that  conforms  locally  to  the  general 
scatterer  at  that  point.^’^'^’^  This  powerful  result,  which  combines  the  assumption  that,  at  high  fi-equencies, 
canonical  currents  approximate  the  local  currents  on  the  general  scatterer,  with  the  derivation  of  a 
generalized  Fermat’s  principle,  is  the  keystone  and  main  reason  for  the  success  of  both  the  physical  and 
geometrical  theories  of  diffraction.  The  approximation  of  local  scattering  by  canonical  scattering  and  the 
generalization  of  Fermat’s  principle  are  sometimes  stated  as  the  two  fundamental  postulates  of  the 
geometrical  theory  of  diffraction.^^  However,  only  the  assumption  that  high-frequency  scattering  is  a  local 
phenomenon  that  can  be  approximated  by  canonical  scattering  need  be  postulated,  because,  as  discussed 
above,  the  generalization  of  Fermat’s  principle  is  derivable  from  an  asymptotic  treatment  of  the  diffraction 
Integral.^-^®! 

For  critical  points  of  the  second  kind  that  do  not  have  several  neighboring  Fresnel  zones,  for 
example,  observation  points  near  caustics  of  the  scattered  field,  or  that  have  an  incident  field  with  an 
appreciable  variation  in  amplitude  along  the  curve  near  the  critical  point,  and  for  critical  points  of  the  third 
kind,  that  is,  points  of  abrupt  change  in  smooth  curves,  the  diffracted  fields  do  not,  in  general,  lie  on 
isolated  local  cones  of  diffraction,  and  thus  cannot  be  expressed  directly  in  terms  of  the  diffraction 
coefficients  of  the  corresponding  wo-dimensional  canonical  problems.  To  remedy  this  deficiency,  Mitzner 
introduced  "incremental  length  diffraction  coefficients"*’  that,  when  multiplied  by  the  incident  field,  could 
be  integrated  along  a  bounding  curve  of  the  scatterer  to  obtain  the  diffracted  fields  of  the  nonuniform 
current  for  arbitrary  angles  of  incidence  and  scattering. 

The  pro  incremental  diffraction  coefficients  as  defined  by  Mitzner  give  the  far  fields  (in  any  direction) 
radiated  by  the  nonunifonn  current  on  a  differential  length  of  an  infinite  cylinder  of  arbitrary  cross  section 
(two-dimensional  canonical  problem)  illuminated  by  a  plane  wave  at  ait  arbitrary  angle  of  incidence.  Under 
the  assumption  that  high-ftcqucncy  diffraction  is  a  local  phenomenon,  the  fields  radiated  by  each 
differential  length  of  the  nonuniform  current  on  a  general  scatterer  will  be  the  same  as  the  fields  radiated 
by  the  differential  length  of  the  corresponding  tw'o-dimensional  canonical  scatterer.  Thus,  the  scattered 
fields  radiated  by  a  general  scatterer  can  be  determined  by  integrating  the  appropriate  incremental 
diffraction  coefficients  over  the  bounding  curves  of  the  scatterer.  For  example,  a  coinputcr  program  that 
computes  the  fields  of  a  reflector  antenna  by  integrating  the  PO  current  can  be  improved  to  include  the 
contribution  from  the  nonuniform  current  by  integrating  the  incremental  diffraction  coefficients  (multiplied 
by  the  feed  lilumination)  around  the  edge  of  the  reflector  and  along  the  slits  bctw'ccn  the  panels  that  form 
the  reflector.  Separate,  ad  hoc  analyse.s  to  obtain  the  field  in  caustic  (focal)  regions,  main  beam  and  ncar-in 
Side-lobe  regions,  or  from  comers  (neglecting  the  higher-order  distortion  of  the  currciu  near  corners) 
become  unnecessary.  Once  the  computer  program  is  fed  the  geometry  of  the  scatterer  and  the  incident 
field,  the  fields  cvcryw'lrcre  can  be  computed  straigluforsvardly  by  two  algorithms-,  one  that  integrates  tire 
IX)  current  and  one  iJjat  integrates  the  incicmcntal  diffraction  cocfTtcicnis.  Moreover,  tangential  slope  and 


tAs  early  as  1902,  Schwarzschild”  presented  the  idea  of  iwlng  the  canonical  half-plane  .solution  to  obtain  an  improred 
solution  to  diffracHon  by  a  sHi.  However,  the  first  paper  to  combine  tiie  idea  of  using  canonical  solutions  wih  a 
stationary  phase  evaluation  that  Included  edges  (generalized  Fcnnai's  principle)  is  apparently  the  classic  1912  paper  by 
MacDonald.**-'*  In  1950.  Braunbek’*  developed  further  these  two  basic  ideas  of  the  modern  theories  of  diffraction  and 
applied  them  in  detail  to  the  circular  ajrcrture  and  disc.  Both  Ufimtsev^  and  Keller  ct  a.l.*  reference  Draunbek,**  who 
formulated  a  physical  theory  of  diffraction  by  adding  nonuniform  "correction"  fields  to  the  uniform  Kirchhoff  fields  in 
the  apenure  of  a  plane  screen  or  on  a  disc.  Although  we  cxrnccntratc  on  the  Ufimiscv  current  fomiulation  in  the 
present  paper,  it  Is  emphasized  that  simitar  results  could  be  derived  as  well  for  a  Drauntrek  field  formulation.  Such  a 
formulation  Involving  nonuniform  correction  near  fields  instead  of  nonuniform  currents  would  apply  conveniently  to 
improving  the  accuracy  of  the  radiated  fields  computed  from  a  gcotncirical-optics  aperture  field  integration 
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higher  tangential  derivative  di£&action  coefficients  are  computed  implicitly  when  integrating  the  incremen¬ 
tal  diffraction  coefficients  multiplied  by  the  incident  field.  (In  the  remainder  of  this  report,  we  will 
sometimes  loosely  refer  to  “integration  of  incremental  dlffiaction  coefficients"  without  explicit  mention 
that  the  coefficients  are  multiplied  by  the  incident  field.) 

Of  course,  for  curves  that  hiive  only  ordinary  stationary  points  illuminated  by  incident  fields  with 
slowly  varying  amplitudes  over  several  Fresnel  zones,  the  integration  should  yield  approximately  the  same 
values  of  the  fields  as  those  obtained  wthout  integration  direedy  from  the  conventional  two-dimensional 
diffraction  coefficien’^  However,  as  mentioned  above,  integration  of  the  incremental  diffraction  coefficients 
has  the  advantage  of  determining  accurately  the  fields  of  the  nonuniform  current  of  a  general  scatterer  for 
many  geometries,  observation  angles,  and  incident  fields  for  which  the  first  order  diffraction  fields  are  a 
poor  approximation;  in  addition,  tangential  slope  or  higher  tangential  derivative  diffraction  coefficients  are 
not  required  when  the  variation  in  amplitude  of  the  incident  field  becomes  appreciable  along  the  direction 
tangent  to  the  curve.  Also,  the  extra  computer  time  required  to  integrate  the  incitmcntal  diffraction 
coefficients  along  bounding  curves  is  generally  small  compared  to  the  computer  time  required  to  do  a 
two-dimensional  integration  of  the  PO  current. 

As  with  the  conventional  two-dimensional  difi[raction  coefficients,  incremental  diffraction  coefficients 
can  be  defined  for  the  total  current  of  cylinders  to  yield  GTD  incremental  diffraction  coefficients.*®  or  for 
the  PO  current  to  yield  PO  incremental  coefficients.  The  PTD  (Mitzner)  Incremental  diffraction  coefficients 
can  be  obtained  by  subtracting  the  PO  Incremental  diffraction  coefficients  from  the  GTD  incremental 
diffraction  coefficients.*^  The  comparative  advantages  mentioned  In  the  footnote  on  page  2  for  PTD  and 
GTD  two<iimcnslonal  diffraction  coefficients  hold  also  for  the  incremental  diffraction  coefficients. 

The  implicit  use  of  the  concept  of  incremental  diffraction  coefficients  was  made  in  work  ihct 
preceded  that  of  Mitzner,*^  notably  that  of  Ufimtsev,***  Braunbek,**  Millar,***'*^  and  the  "equivalent  (edge) 
current  work  of  Ryan  and  Peters.^^  However,  this  previous  work  required  the  fields  of  the  incremental 
diffraction  coefficients  only  near  focal  regions  where  slight,  ad  hoc  modifications  to  the  scattered  fields 
along  titc  diffraction  cones  were  adequate.  Knott  and  Senior*^  review  the  use  of  GTD  "equivalent 
currents"  before  197'i  as  well  as  extend  the  technique  of  Ryan  and  Peters  to  obtain  3|jproximatc  GTD 
Incremental  diffraction  coefficients  for  arbitrary  angles  of  incidence  and  scattering.  In  a  1985  publication, 
Knott  reviews  further  the  subjea  of  equivalent  currents  and  incremcnial  length  diffraction  coefficients. 

To  Ujc  authors'  knowledge,  exact  cxprcssioits  for  the  incremental  diffraction  coefficients  have  been 
found  previously  only  for  the  perfectly  conducting  wedge.  Mluncr*’  determined  the  PID  Inci'emcntal 
diffraction  coefficients  of  the  wedge  by  matching  the  required  nonuniform  current  integrals  to  similar 
integrals  that  occur  for  the  two-dimensional  wedge  diffractitjn  eocfficicnis.  Ten  years  later,  Micbacii-® 
determined  titc  GTD  Incrcntental  diffraction  coefficients  of  the  wedge  by  integrating  the  total  wedge 
cunrerit  In  dosed  form. 

Ttic  main  objective  of  this  report  is  to  complement  the  work  of  Mitzner*^  and  Midtacit'®  by  providing 
a  more  gcnctral,  convenient  tnethod  for  dctcmtinlng  incremental  diffraction  coefficients.  Specifically,  v^c 
derive  exact  expressions  for  the  incremental  diffraction  cceff'icienis  at  arbitrary  angles  of  incidence  and 
scattering  directly  in  terms  of  the  corrcspondlttg  two-dimensional  diffraction  coefficients.  The  derivation  is 
limited  to  perfectly  conducting  scaticrers  that  consist  of  planar  surfaces,  .such  as  the  wedge,  the  slit  in  an 
infinite  platve,  the  strip,  parallel  or  skewed  planes,  polygonal  cylinetc~  or  any  combination  thereof.  The 
derivation  also  requires  a  closed-form  expression,  whctiicr  exact  or  approximate,  for  the  two-dimensional 
diffraction  cocfflcicms  produc ‘d  by  the  current  on  each  different  plane.  In  other  words,  if  one  can  supply  a 
dosed-form  expression  for  the  conventional  diffraction  coeffidents  of  a  twxnlimcttslonal  planar  scatterer, 
one  can  immediately  find  the  incremental  diffraction  coefficients  thiougfi  direct  substitution.  No  integration, 
differentiation,  nor  specific  knowledge  of  the  current  is  required.  (Also,  the  restriction  to  “dosed-form" 
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expressions  can  be  removed  for  the  many  problems  that  require  only  real  angles  of  the  difiraction 
coefficients.) 

We  show  that  the  PTD,  GTD,  and  PO  incremental  diffraction  coefficients  obtained  by  direct  substitu¬ 
tion  into  the  general  expressions  agree  with  the  results  of  Mitzner,^^  Michaeli,^®-^^  and  Knott, 
respectively.  In  the  case  of  die  infinite  wedge.  In  addition,  it  is  shown  that  the  two-dimensional  diffraction 
coefficients  arc  recovered  when  the  general  expressions  for  the  incremental  diffraction  coefficients  are 
integrated  over  an  infinite  straight  line.  Finally,  we  use  our  general  method  to  obtain  for  the  first  time  the 
incremental  diffraction  coefficients  for  the  infinitely  long,  narrow  strip  and  slit. 

In  sequels  (Parts  II  and  III)  to  the  pwesent  report,  the  incremental  diffraction  coefficients  for  the  half 
plane  and  for  the  narrow  slit  are  integrated  around  the  rims  of  reflectors  and  along  the  slits  between 
panels  of  the  reflectors  to  obtain  the  far  fields  produced  by  the  nonuniform  currents.  These  computed  far 
fields  of  the  nonunifbrm  current  are  added  to  the  far  fields  computed  from  the  PO  current  to  improve  the 
accuracy  of  the  far  flclds  especially,  as  mentioned  above,  in  cross  polarization,  in  the  lurther-out  side  lobes, 
and  near  nulls. 

2.  FIFXDS  OF  CURRENT  PRODUCED  BY  A  PIANE  WAVE  INCIDENT 
ON  A  TWO-DIMENSIONAL,  PERFECTLY  CONDUCTING  SCATTCRER 

Figure  1  shows  the  surface  current  sheet  on  a  planar  far  n  of  a  two-dimensional,  perfectly  electrically 
conducting  scattcrer  in  free  space.  The  seattcrer  extends  uniformly  to  infinity  in  the  iz  direction,  and  tne 
planar  facet  lies  in  the  sz  plane.  The  scattcrer  Is  illuminated  by  a  plane  wave  with  propagation  vector  k. 
whose  direction  is  denoted  by  the  spherical  angles  9o,  and  The  magnitude  of  K  equals  k  «  ZttA  »  ta/c, 
where  \  is  the  frcc-space  wavclcngdi.  co  is  the  angular  frequency  of  the  suppressed  cxpf-lwt)  time 
dc|)erulence  («  >  0),  and  c  Is  the  speed  of  light  in  free  space. 

Maxwell’s  cquaiioirs  and  the  boundary  condition  of  zero  tangential  electric  field  on  the  perfealy 
clcciricatiy  conducting  scattcrer  show  Utai,  for  plane-wave  mumirutioih  the  surface  current  5?(f')  at  any 
point  f'  on  Urc  cuttem  sliect  can  be  factored 


(1) 


Hrat  Is,  the  z'-dejKindcncc  can  lx  written  explicitly  in  terms  iff  the  elevation  angle  0o  of  the  incident  plane 
vravc,  and  thus,  the  rcoialiting  current  factor  K(x')  depends  on  the  transverse  ermrdinate  x\  but  not  on  the 
longiiudiiral  coordinate  z'.  Although  the  phase  of  the  z'-dcpctulcncc  In  (1)  is  zero  at  z'  »  I).  (1)  dixs  not 
imply  that  the  phase  of  the  incident  plane  wave,  is  zero  at  z'  *  0  because  an  arbitrary  comtam  |ffiasc  factor 
can  be  implicitly  contained  in  K(x').  Of  course.  K(x')  also  depends  impitcirly  on  the  angles  (Go,  4>o)  defining 
the  direction  of  prot>agation  of  the  Incident  plane  wave,  and  is  pro|)ortu>na!  to  the  complex  amplitude  of 
the  incident  plartc  wave.  Also,  the  surface  current  described  by  (1)  need  not  refer  to  the  total  current;  in 
particular.  It  could  refer  to  tlic  PO  currem  or  the  nonuniform  current  (total  minus  PO  current). 


2.1  Flcldx  Produced  by  an  tncremeotal  Current  Sheet 

Let  dH»(r)  be  the  scattered  magnetic  field  at  the  point  f  radiated  by  the  incremental  current  sheet  of 
length  dz'.  (Initially,  the  axis  of  the  irtcrcmcntal  current  sheet  is  chosen  jxrpcndicular  to  the  z-axl.s; 
however,  the  anal>‘si$  is  generalized  in  Section  j.3  to  allow  the  axis  of  Ux  incremental  current  sheet  to 
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t-igufC  1  Marur  t'acct  of  a  Tu'o-Otntrtvuonal.  Pcrfcxtiy  Conducting  Scattcrer  m  Free  Space 
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make  an  arbitrary  angle  with  the  z-axis.)  Through  Maxv/ell’s  equations,  we  can  express  dHs(f)  in  terms  of 
:he  current  by  taking  the  curl  of  the  vector  potential: 


ikz'  COS0O  V 


K(x') 


oik|f- 


r-r 


dx'. 


(2) 


To  obtain  the  magnetic  far  field  from  (2),  take  the  limit  as  r  =  |f|  oo,  bring  the  limit  under  the 
integral,!'  and  expand  the  scalar  Green’s  function,  exp(ik  |f  -  f'  |)/|f  -  f'],  to  get 


dHs(f) 


e^'^^dz  g-ik2’(cos0 +cos0o)  .  X 

4^ 


K(x')e“^’“''‘"®‘=°s<i>  dx'. 


(3) 


The  spherical  angles  6  and  define  the  direction  of  scattering,  that  is,  the  direction  to  the  observation 
point  f  (see  Figure  1),  and  the  hat  symbol "  denotes  unit  vectors  throughout.  Although  the  limits  of  the 
x'  integrations  in  (2)  and  (3)  extend  from  -«>  to  <»,  they  reduce  to  finite  values  for  scatterers  of  finite 
transverse  dimensions  (like  the  one  shown  in  Figure  1). 

2.2  The  Cylindrical  Fields  of  the  Current  Sheet 

The  cylindrical  fields  of  the  entire  current  sheet  in  Figure  1  can  be  found  by  integrating  (2)  from 
2'  =  -  00  to  “.  In  the  Appendbc,  we  show  that  the  z'  integral  can  be  expressed  in  closed  form  as 


/oo 

glia' cosSo^^i^  dz'  =  'iTiH(^^(k  slnOolp  -  x'St\)  (4) 

where  is  the  Hankel  function  of  the  first  kind,  and  p  is  the  transverse  part  of  f,  that  is,  p  =  r  -  z2. 
Substitution  of  (4)  into  (2)  integrated  over  z'  gives  the  magnetic  field  H5(f)  of  the  entire  current  sheet  as 


Hs(f)  =■  V  X  K(x')H('>  (k  sinOo  |p  -  x'x|)dx'.  (5) 

To  obtain  the  magnetic  far  field  from  (5)  by  taking  the  limit  as  p  ->  <»,  bring  the  limit  under  the 
integral  (sec  footnote),  and  replace  the  Hankel  function  by  its  large-argument  asymptotic  form  to  get 

dx',  (S) 


tAt  first  siglit,  tliis  interchange  may  not  appear  valid  for  scatterers  with  currents  that  extend  to  infinity  In  the  transverse 
plane  (such  as  the  infiu'te  wedge).  However,  the  Interchange  can  also  be  applied  rigorously  to  tlicsc  infinite  scatterers 
by  assuming  that  the  currents  have  .small  exponential  decay  as  x'  ±  « 
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The  unit  vector  in  (6)  Is  defined  as  the  unit  vector  t  evaluated  at  0  =  tr  -  Oq,  that  is, 
fo  *  p  sln6o  —  &  COS0O.  Thus,  we  see  that  (6)  represents  a  cylindrical  wave  propagating  al(  ng  the 
generators  of  the  diffraction  cone,  that  is,  the  scattered  rays  that  make  an  a  ig.e  0  vith  the  longitudinal  (z) 
axis  equal  to  ir  -  Oq. 

For  a  number  of  canonical  scatterers,  the  cylindrical  far  field  given  by  (6)  is  known  ir  closed  form 
for  the  total  current,  PO  current,  and  thus  the  nonunlfonn  current.  Consequently,  the  cross  product  of 
fo  and  the  current  integral  in  (6)  can  be  written  in  terms  of  these  convenient  ciosed-fonn  canonical 
expressions.  Moreover,  in  the  next  section,  we  show  that  the  cross  product  of  f  and  the  current  integral 
in  (3)  can  be  rewrinen  in  terms  of  the  cross  product  of  and  the  current  integral  in  {6),  so  that  the 
incremental  fu*  fields  (dH|}  can  be  written  direedy  in  terms  of  the  canonical  expressions  for  the 
cylindrical  &r  fields  (H^. 

3.  INCREMENTAL  FAR  FIELDS  IN  TERMS  OF  CYUNDRICAL  FAR  FIELDS 

As  a  preliminary  to  expressing  the  incremental  far  fields  in  terms  of  the  canonical  cylindrical  fields, 
let  us  rewrite  (3)  and  (6)  in  the  following  fomj; 


dH,(f)  dz'  f  X  A  =  dz'  C?  X  A 


where  the  vectors  A  and  Ao  art  the  current  integrals  in  (3)  and  (d),  respectively,  that  is, 


^  “  /I  K(x')c  dx' 

Ao  -  K(x')c"““‘*^«o«*^  dx*. 

The  constants  C  and  Co  ^  defined  by  inspection  of  (7)  and  (B); 


(7) 

(8) 


(9a) 

(9b) 


C  “ 


ik 

4Trr 


(10a) 


r  »  e*”^^  ^  Ik 

(Btrkp  slnOo)*'^ 


(10b) 


{The  cxp[“lk2'  (cos0  +  cosOo))  pitase  factor  in  (3)  is  eliminated  in  (7)  by  dioosing  the  incremental  airrent 
sficct  at  z'  a  0.}  Since  titc  current  sheet  Is  in  the  xz-planc,  K^.  is  zero  and  (7)  and  (8)  can  be  written  in 
terms  of  the  x*  and  z-cornponents  of  A  and  Ao.  rcspcctivcJy.  Specifically,  (7)  and  (8)  become 
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dH,(Q  r-*po  dz'  C(A*  sin<}>S  +  (A*  ck^Z  ws^j)  -  3ln0)4>] 


(11) 


Hj(i)  Co[Aox  sin(t)  -  (Aox  cos0o  cos4)  +  slneo)4>]. 


(12) 


The  unit  vectors  @  and  $  are  retained  in  (11)  and  (12)  because  far  fields  conveniently  polarize  into  0 
and  (j)  spherical  components.  The  unit  vector  in  (12)  denotes  the  unit  vector  0  evaluated  at  the 
dif&action-cone  angle  0  =  tr  -  Oq. 

We  are  assuming  a  known  expression  tor  the  0-  and  <j)-  components  of  the  far  fields  H,(f)  of  the 
canonical  current  sheet.  In  other  words,  we  are  given  Kse  and  H,,),  such  that 


H,(f)  +  H*4,  <i>. 


(13a) 


We  could,  of  course,  just  as  well  be  given  the  far  electric  field  E,(f),  which  is  related  to  H5(f)  by  tiie 
cylindrical  far>ficld  formula 


E,(f)  -  -Zofo  X  H.  ~  -Zo(Hrt  4*  -  ~  4.  +  B.e  r-^«oo 


(13b) 


in  which  Zo  is  the  impedance  of  free  space.  Equating  tltc  right  sides  of  (12)  and  (I3a)  determines  the 
rectangular  components  of  Ao  in  terms  of  Ute  given  0>  and  ()KX>mponcnts  of  H,; 


Co  sin4> 


(14a) 


Aqj 


03 


_,J.  CO10O  cot(j)  + 

Co  ' 


slnOo  r 


(l4b) 


llius,  die  problem  of  finding  the  Inct-cmental  far  flcld.s  in  terms  of  the  canonical  far  fields  reduces  to 
finding  A«  and  A«  in  (11)  in  tcinis  of  Aqj,  and  Aox,  because  Aox  and  Acn  atx  known  through  (14). 

3.1  Detcsmimtlon  of  the  Rectangular  Compofients  of  A  In  Terms  of  Aq 

Inspection  of  (9b)  reveals  that  the  rectangular  components  of  iV,  arc  functloriS  of  (}>  only  thtxjugh 
tlie  cos(t>  in  die  cx{>oncntlal  of  the  Integrand,  because  the  rectangular  conqwncnts  of  K(x')  do  not 
dcjjcnd  on  ({>  or  0.  Therefore,  the  rectangular  components  of  A  In  (9a)  can  be  obtained  merely  by 
replacing  (J>  with  cos"  *(sin0  cos<}»/sinOo)  in  Ao  of  (9b).  Specifically,  M'c  liavc  from  (9a)  and  (9b) 


A(0,  4)) 


Ao 


4) 


cos 


- 1  f$in6  ros4) 

'  sln0a 


(15) 
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(A  similar  substitution  was  used  by  Ivutzner  in  Section  3.2.1  of  Ref.  17  for  the  special  case  of  the  wedge.) 
Furthermore,  the  rectangular  components  of  A  can  be  related  to  the  given  components  of  the  canonical 
cylindrical  for  fields  by  substituting  Aqx  and  Aoj  of  (14)  into  (15)  to  get 


Aj£(8.  <^) 


H59(<{)  ->  cos  ^  t) 
Co  sin  (cos"'  t) 


A*(e,  <|>) 


_1_  H,e(<{)  ^  cos"'  t) 
Co  I-  sin(cos"'t) 


t  cotGo  + 


T 

Hs6(4>  -»  cos"'  t) 
sin  Go 


(I6a) 

(16b) 


where  t  stands  for  sinG  cos<j)/sinGo.  [Note  from  (10b)  and  the  definition  of  fo  that  Cq  is  not  a  function  of  <[).] 
Finally,  irsert'or  of  A*  and  A^  from  (16)  into  (11)  produces  the  desired  expression  for  the  incremental  far 
fields  as  a  direct  function  of  the  cylindrical  for  fields  cf  the  two-dimensional  canonical  scatterer: 


-  d.'  i 


(17) 


wlicre 

^  ”  frrr  slaGo)''^  exp  [-l(itp  .sinGo  -  kz  c-.sGo  +  ^-)], 
aitd 


a  SifiO  COS'j) 

*  slnGo 


The  for  electric  held  di,  of  the  incremental  current  is  found  from  dK,  through  the  spherical  far-ficld 
relationship 


dfi,  -  Zo  f  X  dll,.  (18) 

3.2  Evaluation  of  Incremental  Far  Fields  for  ]t|  >  1 

The  for  fields  radiated  by  an  inaemcmal  current  sheet  can  be  found  from  (17)  and  (18)  provided  one 
knows  the  far  fields  of  the  corresponding  two-dimensional  canonical  problem.  Specifically,  one  must 
evaluate  11^  and  K*^,  for  4)  cquiU  to  cos"  't. 
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Although  cos“^t  is  a  multiple*valued  function,  when  it  is  substituted  for  4)  in  (9b'),  the  unique  value  t  is 
recovered.  That  is,  Aox  and  Aqz,  and  thus  Hse/sin(cos~*t)  and  in  (17)  remain  independent  of  which 
multiple  value  is  chosen  for  cos-’^t,  as  long  as  the  same  value  is  used  throughout. 

For  |t|  <  1,  (j)  is  a  real  angle  and  Hsa  and  can  be  evaluated  from  either  numerical  or  closed-form  expres¬ 
sions.  However,  for  |t|  >  1,  (j)  is  a  complex  angle,  and  thus,  Hjb  and  Hs<|,  must  be  evaluated  outside  their  usual 
domain  of  scattering  in  real,  physical  space.  This  means  that,  if  one  merely  has  numerical  values  for  Hje  and  Hs4,  over 
the  usual  domain  of  0  5  <{)  <  217,  one  would  not  be  able  to  determine  their  values  directly  for  [tj  >  1.  f 
Fortunately,  (9b)  shows  that  and  and  thus  Hse/sin(cos“^t)  and  Hs,|„  are  analytic  functions  of  t  for 
continuous^  currents  K(x')  that  have  finite  extent  in  the  x'-direction.^^  Therefore,  if  one  has  closed-form  analytic 
expressions  of  Hso/sin(cos"  U)  and  Hs,),  for  these  finite  problems  solved  originally  for  the  domain  |t|  <  1,  the  same 
expressions  can  be  used  direcdy  in  the  domain  [tj  >  1  as  well.  For  a  current  sheet  that  extends  to  infinity  along  the 
x'-a5ds,  such  as  the  current  on  the  face  of  the  perfecdy  conducting  wedge,  the  integral  of  (9b)  is  also  an  analytic 
function  of  t  on  the  real  axis,  provided  a  small  negative  or  positive  imaginary  part  is  added  to  t  that  produces  an 
exponentially  decaying  integrand  for  x'  integration  that  extends  to  plus  or  minus  infinity,  respectively.^^  Thus,  for 
current  sheets  of  infinite  transverse  extent,  the  closed-form  expressions  of  H5e/sin(cos"  *t)  and  in  the  domain  |t|  < 
1  can  also  be  evaluated  by  direct  substitution  of  t  (with  a  small  loss  approaching  zero,  if  needed,  to  ensure  analyticity 
over  the  entire  real  axis)  in  the  domain  jt[  >  1.  (The  theorems  on  analyticity  of  integrals  widi  finite  limits  assure 
that  the  singularities  of  l/sin(cos''  *t)  in  (17)  at  t  =  ±  1  ill  be  cancelled  by  zeros  of  Hje  at  t  =  ±  1.  These  singulari¬ 
ties  may  remain,  however,  for  infinite  current  sheets,  if  a  small  imaginary  part  is  not  added  to  t.) 

In  summary,  if  closed-form  expressions  for  the  cylindrical  far  fields,  Hso  and  Hj,),,  of  the  two-dimen¬ 
sional  canonical  scatterer  are  available  over  the  usual  domain  of  1 1 1  <  1 ,  these  closed-form  expressions  can 
be  used  directly  and  unambiguously  for  all  t  to  find  the  incremental  far  fields  from  (17)  and  (18).  Of 
course,  for  normal  incidence  (8o  =  “tf/Z),  jt]  never  exceeds  one. 


3-3  Singularities  in  the  Incremental  Far  Fields 

Singularities  in  the  incremental  far  fields  given  by  (17)  and  (18)  will  occur  otily  at  angles  (0,  4))  where 
HssC't'  cos"‘t)/sln(cos~*t)  or  H,4,(4»  cos-H)  arc  singular.  For  canoni  il  scattcrers  of  finite  transverse 
dimensions,  Integrability  of  the  current  in  (9b)  demands  that  tlicse  two  functions  be  finite  for  all  t,  and 
thus,  die  incremental  fields  of  finite  canonical  scattcrers  will  have  no  singularities  for  alt  (0.  4>) 

For  infinite  sheets  of  cun'cnt  like  the  total  currents  on  the  faces  of  the  wedge,  the  cyUn(lric.il  far-field 
functions  H^sin4>  and  H^j,  have  singularities  at  isolated  ralucs  of  azimutlt  angle  4>  for  which  the  current  integral 
in  (9b)  becomes  infinite.  DcncKing  these  singular  angles  by  4>n.  wc  sec  from  (17)  that  the  conesponding 
incremental  fiu'  fields  will,  in  general, ttt  have  singularities  for  all  0  and  4>  diat  sutisi'y  t  =>  cos4>n,  that  is, 


tOf  course,  If  die  current  K(x')  were  known,  one  could  conceivably  integrate  (9a)  numerically  or  possibly  analytically 
to  obtain  die  A,  and  A«  required  to  dctcitninc  the  Incremental  far  fields  immediately  from  (1 1).  In  fact,  as  mcn- 
Uoned  in  the  Introduction,  Mlchacll*®  was  able  to  trerform  the  current  integration  in  {9a)  analytically  for  the  faces  of 
dtc  perfectly  conducting  wedge  to  obtain  the  GTO  Incremental  fields  of  die  wedge.  In  the  prc.scnt  paper,  wc  want 
to  avoid  such  Involved  current  integrations  by  working  direcdy  widi  tltc  cylindrical  far  fields  of  the  cokTcspondlng 
twoKllmcrtsional  canonical  scattcrers. 

ttFor  scattcrers  with  shaqj  edges,  the  current  may  be  singular  at  the  edge.  However,  since  these  singularities  arc 
Intcgrablc,  they  can  be  removed  from  the  Intcgmlon  by  moving  Utc  limit  of  the  integration  just  inside  the  edge,  and 
thus,  the  dicorems  of  Whittaker  and  Watson^^  still  apply. 

tttA  notable  exception  can  occur  when  Oo  =  17/2,  4>n  “  0  so  that  (19)  Is  sati.sfled  only  by  the  single  far-field  point 
0  =■  rr/Z,  <j)  =  0  Tdiere  the  sln4)  and  (cos4i  cosO  +  t  sinOcotOo)  factors  in  the  numerators  of  (17)  cancel  the  5ln(cos*'t) 
fiictors  in  die  denominators  of  (17).  This  exception  is  a  particular  example  of  the  generalization  (discussed  later  in 
Section  3.3)  to  current  increments  tying  along  dtc  direction  of  the  grazing  diffracted  ray. 
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sin6  cos4>  sln6o  cos4>n- 


(19) 


Eq.  (19)  defines  a  cone  of  liar-field  singularities  in  the  incremental  fields  about  the  x-axis,  that  is,  about  the 
transverse  coordinate  axis  of  the  current  sheet.  (This  cone  of  singularities  is  not  to  be  confused  with  the 
far-ficld  cone  of  diffraction  for  the  cylindrical  fields  about  the  z-axis,  tliat  is,  the  longitudinal  axis  of  the 
planar  current  sheet.)  The  half  angle  Un  of  the  cone  of  singularities  measured  from  the  positive  x-axis  is 
given  by 


On  =  COS“HcOS<j)n  Sin0o). 


(20) 


For  normal  incidence,  6o  equals  'tr/2  and  an  equals  4>n*  Geometrically,  the  cone  of  the  far-field  singularities 
of  the  incremental  fields  is  generated  by  rotating  about  the  x-  axis  the  ray  that  lies  in  the  direction  of  the 
singularity  of  the  cylindrical  far-field  function  (H(s/sin4>  or  Hs^,).  This  generating  ray,  of  course,  lies  on  the 
cone  of  diffraction  of  the  cylindrical  far  fields  as  well. 

The  total  current  on  the  illuminated  face  of  a  wedge  has  two  associated  cones  of  singularities  given  by 
(19).  One  is  generated  by  the  singularity  in  the  diffracted  fields  at  the  shadow  or  reflection  boundary 
((hn  =■  ir  i:  (fto),  that  Is,  the  singularity  produced  by  integration  of  tlie  PO  current  in  (9b).  The  second  is 
generated  by  the  singularity  of  Hie/sin4»  (or  for  a  TM  plane  wave  grazing  at  4>o  '<t)  In  the  plane  of  the 

face  (<hn  “=  0,  2ir),  that  is,  the  singularity  produced  by  integration  of  the  nonuniform  current  in  (9b) 
excited  by  an  incident  TE  plane  wave  (or  TM  plane  wave  grazing  at  4)o  =  it).  Both  diffracted  components, 
H,4,  and  H,a/sln<|),  produced  by  the  PO  current  remain  finite  at  a  face  angle  of  the  wedge  (except  for 
grazing  incidence  at  4*0  ^)i  whereas  these  same  components  produced  by  the  nonuniform  current 

remain  finite  at  the  shadow  and  reflection  boundaries  (except  for  grazing  incidence  at  4>o  ®  “tr).  Therefore, 
in  calculating  the  far  fields  of  three-dimensional  scattering  bodies  locally  approximated  by  infinite 
two-dimensional  canonical  scatterers,  like  the  wedge,  with  cylindrical  far  fields  containing  singularities  at 
the  shadow  and  reflection  boundaries,  it  is  especially  advantageous  to  use  the  incremental  far  fields  of  the 
nonuniform  (1*TD)  currents  of  the  canonical  scatterers,  because  the  far  fields  of  tlic  nonuniform  currents  of 
tltese  infinite  scatterers  do  not  contain  singularities  at  the  shadow  and  reflection  boundaries,  unlike  the  far 
fields  of  the  total  (GTD)  and  PO  currents  of  these  Infinite  scatterers.  Moreover,  in  the  PTD  formulation, 
there  are  no  singularities  In  the  PO  far  fields  if  tltey  arc  obtained  by  integrating  numerically  the  PO  current 
on  the  finite  three-dimensional  scattercr. 

The  cone  of  singularities  defined  by  (19)  that  may  occur  at  ({)„  =»  o,  2tt  for  canonical  scatterers  of 
infinite  transverse  extent  can  be  collapsed  to  a  single  line  and  sometimes  eliminated  by  choosing  the  axis 
of  the  increment  of  current  sheet  skewed  rather  than  perpendicular  to  tiic  z-axis.  In  particular,  Mlchacli^^ 
has  recently  shov/n  that  the  cone  of  singularities  generated  by  the  diffracted  ray  grazing  the  face  of  a  wedge 
(4>n  “  0i  2ft)  can  be  eliminated  (except  when  the  direction  of  incidence  is  also  grazing  at  <t»o  =  tr)  by 
choosing  the  axis  of  the  incremental  length  in  the  direction  of  the  grazing  diffracted  ray,  that  is,  in  the 
direction  of  propagation  of  tlic  nonuniform  oirrcnt  far  from  tlic  edge,  Butorin  and  Ufimiscv*^  derive  the 
same  result  for  scalar  (acoustic)  diffraction  from  the  wedge. 

The  present  analysis  shows  tliat  choosing  the  posltiv.>  x'  Integration  axis  of  the  incremental  current 
sheet  to  make  an  arbitrary  angle  4*  witli  the  |K)Sitivc  z-axis  (rather  than  90°,  as  shown  in  Figure  1) 
multiplies  the  current  in  (3)  by  exp(  -  Hot'  cosOo  cotijj)  and  the  cx|x>ncntiai  in  the  integrand  of  (3)  by 
cxp(-licx'  cos9  conjf);  thereby  changing  die  integral  on  the  right  side  of  (3)  to 
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Thus,  our  general  analysis  and  final  results  (17)  and  (18)  for  the  incremental  far  fields  remain  the  same 
when  the  axis  of  the  incremental  current  sheet  is  skewed,  except  that  t  is  set  equal  to  t,j„ 


t4, 


sin9  coS(j)  +  cotij)  (cos9  +  cosOp) 
sin9o 


(22) 


instead  of  to  sin9  cos(})/sin9o.  Eq.  (22)  reduces  to  Michaeli’s  corresponding  result^^  for  the  faces  of  the 
infinite  wedge  when  ij/  is  set  equal  to  -rr  -  9o,  the  angle  of  the  grazing  diffracted  ray  for  a  face  along  the 
positive  x-axls.  In  that  case,  as  mentioned  above,  the  original  singularity  of  the  incremental  diffracted 
fields  at  (})n  =  0,  2'n'  is  eliminated  (except  for  grazing  incidence  at  4)o  =  tt)  by  substituting  t,j,  for  t;  note, 
t,{,  S  1  for  (jj  =  IT  -  9o.  For  a  face  extending  to  infinity  along  the  negative  x-axis,  the  angle  of  grazing  is 
(j;  =  9o,  and  the  singularity  at  t  =  - 1  is  eliminated;  note,  tj,  &  -  1  for  <];  =  9o. 

In  summary,  the  differential  increment  of  current  on  the  face  of  a  wedge  forms  a  semi-infinite  line 
source  along  the  x-axis  of  Figure  1,  and  thus  radiates  with  a  symmetric  vector  potential  about  the  x-axis. 
The  total  current  of  the  line  source  can  be  divided  into  the  PO  current  and  the  nonuniform  current.  The 
PO  current  of  the  line  source  radiates  a  far  field  that  becomes  singular  In  a  cone  of  directions  that  includes 
tlie  shadow  and  reflection  directions  of  the  corresponding  two<llmensonal  wedge  face.  The  nonuniform 
current  of  the  line  source  radiates  a  far  field  that  becomes  singular  In  a  cone  of  directions  that  includes  the 
diffracted  ray  along  the  corresponding  two-dimensional  wedge  face.  Skewing  the  axis  of  the  differential 
increment  of  current  to  form  a  line  source  in  the  direction  of  the  grazing  diffracted  ray  rather  than  the 
x-axis  collapses  the  cone  of  singularities  of  the  nonuniform  current  to  a  single  line  in  the  direction  of  the 
grazing  diffracted  ray. 

Skewing  the  axi.s  of  the  current  strip  cannot  eliminate  the  GTD  and  PO  cone  of  singularities  associated 
with  the  shadow  and  reflection  boundaries  (4in  >=  it  S:  «l)o)  of  the  face  of  a  wedge  because  for  nongrazlng 
incidence,  the  .shadow  and  reflection  boundaries  of  a  face  of  a  wedge  do  not  lie  along  that  face.  Also,  the 
directions  of  propagation  of  the  1*0  and  nonunifonn  currents  on  the  face  of  a  rvedge  are  different  except 
for  nonnal  (0^  ■>  it/2)  Incidence  or  grazing  incidence  at  4>o  “  tr.  Of  course,  the  singularitcs  in  the  K)  far 
fields  at  the  shadow  and  reflection  boundaries  of  the  infinite  wedge  can  be  eliminated  by  giving  the  faces 
of  the  wedge  finite  radii  of  curvature.^®  However,  the  resulting  incrcmenul  diffraction  coefficients  apply 
then  only  to  thrcc-dimcttsional  scattcrers  with  curved  rather  than  flat  surfaces. 

5-4  Dlvtslon  of  Incremental  Far  Fields  Into  I'E  and  TM  Fields 

The  scattered  fields  of  two-dimensional  perfectly  conducting  cylinders  divide  conveniently  into 
transverse  electric  (TE)  and  irantsverse  magnetic  (I'M)  fields  depending  on  whether  the  incident  plattc  wave 
is  TE  (Ej  “  0)  or  TM  (H^  ®  0),  respectively. Specifically,  for  the  TE  case,  the  far  field  component  11*4,  is 


tAlihough  the  diffracted  fields  radiated  by  the  total  currents  of  nvodinicnsional  jicrfcctiy  conducting  cylinders  divide 
conveniently  Into  TK  and  TM  fields,  the  fields  radiated  by  the  PO  currents,  and,  thus,  the  fields  radiated  by  the 
nonunifomt  currents  do  not  divide  generally  Into  TG  and  TM  fields,  except  for  nonnal  Incidence  (Oo  =  90*).  Conse¬ 
quently,  (17)  or  (18)  must  be  used,  In  general,  rather  than  (23)  or  (24),  to  determine  die  tnerementai  diffraction 
coefficients  for  the  IK3  and  nonunlfomi  currents.  (For  example,  see  Section  4.3  ) 


zero  everywhere  (and,  for  the  TM  case,  Hje  is  zero  everywhere).  Thus,  the  incremental  magnetic  far  fields 
(17)  for  these  TE  and  TM  cylindrical  fields  reduce  to 


dHj®(f)  dz' 


CHae  (4)  cos  ^  t) 
Co  sln(cos~^  t) 


[sin4> 


+  (cos<})  COS0  +  t  sin0  cot0o)  <i)j 


(23a) 


dH™(f)  cos-i  t)  ^ 


(23b) 


The  incremental  electric  far  fields  are  obtained,  as  usual,  from  (18); 

dE™(f)  dz'  ^  ~  (cos4>  COS0  +  t  sin0  cot0o)  6]  (24a) 

dB™(f)  dz'  ^  E*o  (4.  -*  cos-1 1)  ^  6  (24b) 


where  and  B»9,  the  cylindrical  electric  far  fields,  have  been  substituted  from  (13b).  Note  especially  that 
the  Incremental  TE  magnetic  and  electric  fields  have  both  0-  and  <i)-components  even  thou^  the  corre¬ 
sponding  TB  cylindrical  fields  have  only  a  0<omponent  of  magnetic  field  and  a  4)-component  of  electric 
field,  For  the  TM  inaemental  magnetio  or  electric  field,  however,  the  single  component  of  the  correspond¬ 
ing  TM  cylindrical  field  remains  as  the  only  component.  Recall  that  Ego  and  H,o  as  defined  by  (13)  refer  to 
the  dj  components  of  the  cylindrical  far  fields. 

In  dyadic  notation,  (24)  can  be  written 


clB,(f)  B»  (4>  -♦  cos" ‘  t)  •  D»  dz' 


(25) 


where  the  components  of  the  dyadic  D,  are  the  elements  of  the  matrix  defined  by  (24)  that  converts  the 
cylindrical  electric  far  field  of  the  canonical  scattcrer  to  die  corresponding  incremental  electric  far  field.  If, 
In  addition,  wc  express  the  cylindrical  electric  far  field  as  a  dyadic  D  multiplied  by  the  incident  field 
(see,  tor  example,  Kouyoumjlan^^),  that  is, 


then  (25)  becomes 


dEs(Q  E|  ■  (D  •  D8)d2'  =  Ei  •  Did2'. 


(27) 


[In  (25),  (26),  and  (27),  we  have  included  the  radial  dependence  of  the  far  fields  in  the  dyadics.]  The 

a* 

dyadic  incremental  dififiractlon  coefficient  Dj  provides  an  extremely  compact  notation  (27)  for  the 
incremental  difiractlon  fields.  However,  for  detailed  analytical  or  computational  purposes,  the  explicit 
vector  expressions  (17),  (18),  (23),  or  (24)  prove  the  more  useful. 


4.  CHECKS  ON  THE  CORRECTNESS  OF  THE  EXPRESSIONS  OBTAINED  FOR  THE  INCREMENTAL 
FAR  FIELD 

In  this  section,  we  present  a  series  of  checks  on  the  expressions  that  have  been  derived  for  the 
incremental  far  field.  In  Section  4.1,  we  integrate  the  incremental  magnetic  far  field  (17)  from  minus  to 
plus  infinity  and  show  that,  by  doing  so,  we  recover  the  cylindrical  magnetic  far  field,  (13a).  In  Section  4.2, 
we  specialize  our  general  results  to  tlie  perfectly  conducting  half-plane  and  infinite  wedge  illuminated  by  a 
plane  wave,  obtain  incremental  far  fields  corresponding  to  both  TM  and  TE  incident  illumination,  and 
compare  the  resulting  expressions  with  those  obtained  independently  by  Michaeli^®  tlirough  integration  of 
tlic  surface  currents.  Complete  agreement  is  found  between  our  expressions  and  his.  In  Section  4.3,  we 
use  our  method  to  derive  expret  sions  for  the  incremental  physical  optics  far  field  of  a  wedge  illuminated 
by  a  plane  wave.  The  resulting  expressions  for  both  TM  and  TE  incident  illumination  arc  found  to  agree 
with  those  obtained  Indepcndcnity  by  Knoct***-^^  in  his  paper  comparing  the  Incremental  diffraction 
coefficients  of  Mlchaeli*®  and  Milzner.*’ 

4.1  integration  of  the  Incremental  Far  Field  to  Obtain  the  Cylindrical  Far  Field 

A  basic  dteck  on  the  expression  (17)  obtained  for  the  incremental  far  field  is  that  the  integral  of  (17) 
over  z'  from  minus  to  plus  infinity  should  yield  the  cylindrical  far  field  (13a).  With  the  plan  of  evaluating 
die  Integral  of  (17)  by  dte  mcdiod  of  stationary  phase,  wc  write 

ffli,  (f)  «  y'*  (z')  dz'  (28) 


where  (see  Figure  2) 


$■ 

f  =  R  -  z’2 

(29) 

<1 

^(z')  “!■(«■“  2'  cosOo) 

(30) 
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and 


„  (gTrkp^ep)^^  e-lkf„  ft-hr/4 


Hrt((}> 


cos 


-1 


sin  (cos“‘  t’) 


sin4>  8'  + 


H»9(4>  -»  cos~^  t') 
sln(cos”*  t') 


(cos<|)  COS0'  +  t'  sln0'  cot0o) 


+  H,4,  (<t>  -*  cos~*  t') 


sln6' 

sln6o 


sin0'  cos6 
“sGWo 


(31) 


Since  4)'',  the  azimuth  coordinate  of  the  held  point  relative  to  the  point  of  integration,  is  a  constant  for 
all  z',  we  have  set  (|)'  equal  to  <{>  In  (31). 

For  large  kp,  the  integral  (28)  is  asymptotically  approximated  by  the  stationary  phase  formula^^ 

/_[  f(2')d2'  (  fCz^')  (32) 


where  z^  is  the  point  of  stationary  phase  dehncd  by 
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q'(z'g)  =  0 


and 

ii  =  sign  q\z^. 

Differentiating  (30), 

q'(z')  =  p 

and  since 

r  =  [p^  +  (z'  -  z)^l^^, 

Equating  (33)  to  zero  then  gives  cos0^  at  z  =  z^, 

COSO'i  =  -COS0O' 

It  follows  easily,  using  (34)  ai\d  (35),  that 


so  that 


2^'  B=  p  (cotOo  +  cotO) 

and  hence 

q'(30  “ 


(33) 


(34) 

(35) 


(36) 


(37) 


(38) 
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Moreover,  differeirtiating  (33),  using  (35),  and  substituting  (36)  and  (37)  yields 


‘I  W  “  p2 


which  implies  that  p-  in  (32)  is  positive.  Also,  since 


sin0'  = 

sin0^  =  .£•  =  sinBo 
f* 

from  which 

t,'  =  COS<|) 

and  hence, 

sin(cos"^  0  =■  sin4». 


Since 


(39) 


(40) 


(41) 


(42) 


6'  “  S  cosO'  cos4>  +  COS0'  sin4>  -  2  sinO', 
substitution  of  (36)  and  (40)  yields 
6'.  «  6’ 

Finally,  sub.stituting  (38),  (39),  (36).  (40).  (41),  (42),  and  (43)  in  (32),  and  using  die  readily  obuined 
expression  for 


yields  the  desired  relation 


f_l  dH,  (f)  p-^  H,0  +  Hs*  4>.  (44) 

4.2  Comparison  With  Michaeli’s  Incremental  Diffraction  Coefficients  for  the  Perfectly  Conducting 
Half-Plane  and  Infinite  Wedge 

As  a  second  check  on  the  expressions  we  have  derived  for  the  incremental  far  fields  of  planar 
surfaces,  we  obtain  the  incremental  far  fields  for  the  particular  cases  of  a  half  plane  and  infinite  wedge,  and 
show  that  these  fields  agree  with  the  expressions  obtained  independently  by  Michael!^®  from  integration  of 
the  surface  currents. 

4.2.1  HALF-PLANE  ILLUMINATED  BY  A  PLANE  WAVE 

We  specialize  (24a,  b)  to  the  case  of  a  half-plane  illuminated  by  a  plane  wave.  The  half-plane  is  defined 
in  terms  of  Cartesian  coordinates  (x,  y,  z)  by  the  equation  y  ==  0,  x  a  0,  so  that  the  edge  of  the  half-plane 
coincides  with  tltc  z-axls.  The  direction  vector  of  the  incident  plane  wave  forms  angles  of  tr  +  ifio  and 
IT  -  6o  with  the  positive  x-axis  and  z-axis  respectively  (see  Figure  3). 


Figure  3.  (icooiciry  of  a  Hatf-Ftanc  lUuminatcd  by  a  IHane  Vt'aw 


We  begin  with  a  TM  (E'polarized)  Incident  plane  wave  for  which 


Ej  •»  -  Ej  exp  [  -  Ikp  sinOo  cos((j)  -  <|)o)  -  ikz  cosOo]  §o 


(45) 


where  Ej  Is  the  complex  electric  field  amplitude  of  the  plane  wave.  For  Gq  =  ir/^  (that  is,  the  incident 
plane  wave  propagating  normal  to  the  z-axis),  the  scattered  electric  far  field  Is  given  by^ 


E«  Ej 


i/2 


gl(l[p  +  -aH) 


sin^ 

cos<t>  +  COS<j>o 


,  0  <  <j>  <  2Tr, 


from  which  it  can  be  shown^*-^*  that  the  scattered  electric  far  field  correspionding  to  oblique  incidence  is 


|}>0 


(46) 


Substituting  (46)  in  (24b),  noting  that  fo't  if*  *Ee  ex|ioncntial  factor  of  Cg  is  equal  to  p  slnOg  -  z  cosGg, 
and  replacing  the  magnitude,  Ej,  of  the  incident  plane  wave  by  Ei*/slnGo.  we  obtain 


•  '  ^  ^  sin*  0g  4Tff  cosa  +  cos<J>o 


.,(kr  4  sinf  sin 


Vo 


(47) 


To  compare  (47)  with  Michacli's  expression,  wxt  start  with  Mlchacli’s  Eq.  (1),'*  wliich.  after  .S|>cciali2trtg 
to  an  edge  discontinuity  coinciding  with  the  z^axis  ai«l  noting  the  correspondences  j  -•  -i.  S  f.  I  ♦♦  2 
between  his  notation  and  outs,  yields 


dE  -  ik 


4trf 


5in0|4»  }(2’)fi  -  M(i')<i)|dx’ 


(4Bi 


wltcre  I  and  M  are  the  electric  and  magttetic  equivalent  currertts,  respectively.  Expressions  for  I  and  M 
for  a  wedge  with  exterior  angle  Ntt  are  giten  in  Michacli's  Eq.  (31).  1^  TM  incident  Ulumiitaiion  M  « 
0,  and  Michacli's  Eq.  (31)  with  N  -  2  gives 
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«• 


» 


sin 


<1>0 


I  =  E 


sm'  So  icos  3L^-cc»f 


TT  —  Ot  .  yo 

cos  —  +  cos  ” 


-  "Ejj.  .i 


4  sin-^  sin-^ 


kZj,  sin2  9  cosa  +  cosW’ 


a  =  cos~^ 


(49) 


where  we  have  used  the  correspondences  P'  tt  -  Oq,  P  0,  and  <})'  <|)o  between  Michaeli’s  notation 

and  ours.  Substituting  (49)  in  (48),  with  M  =  0,  is  then  seen  to  give  an  expression  for  the  incremental  far 
field  identical  with  (47). 

Next,  we  consider  a  half-plane  illuminated  by  a  TE  (H-polarized)  incident  plane  wave  for  which 


Hi  =  -  Hi  exp  [  -  ikp  sin0o  cos  (4)  -  <f>o)  -  ikz  cos6ol  6o 


(50) 


where  Hi  is  the  complex  magnetic  field  amplitude  of  the  plane  wave.  For  0o  =  "nfl,  the  scattered  magnetic 
far  field  is  given  by 


4  <l>o 
COS"  cos— 


/  \l/2  tOS^  \.05  « 

«=  -  «'  (sf)  0  <  ■t'  <  i’'. 


0S<j)  +  COS<j>o’ 


from  which  the  scattered  magnetic  far  field  corresponding  to  oblique  incidence  is 


<i>  4*0 

-  9  1/2  <^0*0  tOS-^ 

H.  Hi  I  ■■  ■  -■•"’o  '  ^  e " S’" 

*  \  ,1'kp  sin0o  /  cos4)  +  cos4)o  ” 


(51) 


=  H,9 


Substituting  (51)  in  (24a)  using  (cf.  (13b)]  E,9  =  -ZoHs^,,  simplifying  algebraically,  and  replacing  Hi  by 
Hu/sin0o,  one  finds 


# 


dlTV)  ^  Zo 


Hi,e  e“^  4  cos-^  j 

sin0o  4^  t^osa  +  cos4>o  sino 


•  [sin4)  “  (cos4>  COS0  +  cosa  sln0  cot0o)6|, 


a  =  cos“' 


/  sin0  cos4)  \ 
'  sln0o  ' 


(52) 
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Michaeli’a  expression  is  again  given  by  (48)  with  I  and  M  defined  by  his  Eq.  (31)  with  N  =  2.  We  obtain 


JHj 

ksinO, 


[i2_  s!n6  co5(l) 
n6o  sin6o  ' 


sin0o 


-cos0ol  cosO 


sin0 


cos<j> 


sm 


Ti'  -  a 


.  TT  —  a  VO 

\COS-i-~  -  cos^ 


1 


_ TT  —  a  ITTvo 

cos — 2 — 


iH„  ^  cos-^ 


k  sin6o  cosa  +  cos4>o  sina  sin9 


r-r  (cos<!)  COS0  +  cosn  sin0  cot0o) 


(53) 


and 


k  sinB  sin8o 


sin<|)  sin^^^^  “ 


since 


;( 


i  IT  <X  Vo 

\COS - - 


+  COS^; 


iZpHi,  3in4)  ros|  4  cos^ 


k  sin0  sin0o  sina  cosa  +  cos4»o  ’ 


(54) 


Substituting  (53)  and  (54)  in  (48)  yields  an  expression  for  the  incremental  far  field  identlc'al  with  (52). 

4.2.2  INRNITB  WEDGE  ILLUMINATED  BY  A  PLANE  WAVE 

We  now  apply  (24a,  b)  to  an  infinite  wedge  illuminated  by  a  plane  wave.  The  wedge  is  defined  in 
teiins  of  cither  a  circular  cylindrical  coordinate  system  (p,  (}),  z)  or  a  spherical  coordinate  system  (r,  0,  ijj)  by 
the  equations  <}»  “  0  (face  1)  and  4)  =  Nit  (face  2),  0  S  N  S  2,  with  the  ctl;;e  coincident  wiilj  the  z-axis. 
The  direction  vector  of  the  illuminating  plane  wave  forms  angles  of  w  +  4>o  w  -  Oo  with  the  positive 
X-axis  and  s-axis,  respectively  (sec  Figure  4>. 

As  witli  the  half-plane,  we  begin  with  a  TM  incident  plane  wave  with  the  incident  electric  field  given  by 
(45).  To  apply  (24b),  wc  require  expressions  for  the  fur-zone  electric  field  radiated  separately  by  the 
current  on  each  of  the  faces  of  the  ’vedge.  Michael!^*  Iras  derived  expressions  for  the  coniribu  >ons,  Bi« 
and  Bjk,  of  each  of  the  wedge  faces  to  the  total  diffracted  field  when  the  incident  wave  vector  is  normal  to 
the  edge  of  die  wedge  (0o  «  ‘it/2).  For  a  TM  incident  wave 


B,«  =  B,  [f(-d>'i)  -  f(-4»^,)] 

(55) 

E2«  -  B,  [f(-<I>^  -  f(<D^j)l 

(56) 

where 
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OBSERVATION 

DIRECTION 


Figure  4,  Geometry  of  a  Wedge  Illuminated  by  a  Plane  Wave 


<))  -  ttio.  <I>j  °  <1)  4»o 


<I>U  =. 


•-*  Nir  —  (}» 

4)o  -*  Ntt  -  4>o 


and 


m 


4TrN 


r*  '  cot(^i— c-“‘P dv. 

/•-i-  '  2N  ^ 


(37) 


Making  the  substitution  v  «  tt  +  it  in  (57)  and  evaluating  the  resulting  integral  by  the  method  of 
sutionaiy  phase  yields 


(58) 


from  whlclv,  witlt  Uic  aid  of  son'**  '‘*rmcntat7  trigonometric  identities,  (55)  and  (56)  yield 
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and 


0  <  4>  <  2Tr, 


—  (2  —  N)t7  <  <j>  <  Nw. 


Just  as  for  the  half>plane  di£Graction  discussed  In  Section  4.2.1,  the  scattered  electric  for  fields  corre¬ 
sponding  to  oblique  incidence  of  the  illuminating  plane  wave  are  then 


E,.  <w  -  Elf - 

**  ‘Mrlcpsineo' 


sln-jj. 


2n(cm42  -  cosi^ 


&0,  0  <  4)  <  2u, 


s 


Eirtdo 


(59) 


and 


,i_  4*0 

.  _ 

2n(c«,%  -  c<»3^) 


COCSo 


- -  A’  "■  (2  “  N)  If  <  4)  <  Nit, 


H  B2j0  Aj 


(60) 


Now,  while  fiii9  can  be  used  directly  in  (24b)  to  calculate  the  contribution  of  the  upper  face  of  the 
wedge  to  the  incremental  electric  for  field,  6318  cannot,  since  the  current  sheet  is  not  in  the  xz-planc  as 
was  assumed  in  the  derivation  of  (24).  Hence,  we  first  transform  to  a  (p,  ({>',  z)  coordinate  system  with 


4»'  «  4>  +  (2  -  N)it,  <})  =  <t)'  -  (2  -  N)^  (61) 

so  that  4>'  0  is  the  equation  of  face  2  of  die  wedge.  Substituting  (61)  in  (60)  gives 
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R,.  p-5t(»  Elf - - - ei(kpsln0o  +  ir/4)  g-llacos0o 

"  ‘vTTkpslnOo/ 

.4»o 


sin- 


N 


2n(cos^ 


-  £2*8  Oq. 


Substituting  (59)  and  (62)  in  (24b)  then  yields 


(62) 


dE™  (f)  =  dE™  (f)  +  dE™  (f) 


TM  /s\ 


(63) 


with 


2sin^ 
N 


(64) 


and 


2sln 


*1^0 

R. 


02  COS 


Sin’  0o  ^irr  Zl  ‘}>o  .  "  “2  ’ 

N^cos-j^  +  cos—^j 

/sln6cos6'\  (61)  „_--i  fsinfl  cosfN-rr  -  61 1 

V  slnOo  /  “  sinOo  J’ 


(65) 


(2  -  N)it  <  4)  <  Nit. 


f 


I 


Mlchaclt's  expression'®  for  the  incremental  for  field  is  given  by  (48)  witli  M  =  0  (I'M  illumination)  and 


<{><» 


I  == 


2i 


,  TT  -  Oj  ^ 

\COS—^ - -  COS-jq- 


i 


TT  -  02  .  <l)o 
cos—^  +  COSqq- 


which  is  seen  to  be  identical  to  our  expression  given  by  (63)  with  (64)  and  (65). 

Next,  we  turn  to  the  incremental  diffraction  coefficient  for  an  infinite  wedge  illuminated  by  the  TB 
(H-polarlzcd)  incident  field  given  by  (50).  Michacli's  expressions*^  for  the  contributions,  Hi«  and  H2k(,  of 


25 


feice  1  and  face  2,  respectively,  to  the  total  diffracted  magnetic  field  when  the  incident  wave  vector  is 
normal  to  the  edge  of  the  wedge  are 


Hi«  =  H, 

H2k  =  Hi  [£($‘2)  + 


with  f(<P)  given  in  general  by  (57)  and  for  large  kp  by  (58),  and  defined  as  for  TM  incidence. 
Similar  to  the  TM  case,  we  find  that 


/  9  \i/2  sin- 

2N(cos^  -  cos— 


,  0  <  4>  <  2Tt, 


and 


H-*-  -  -  (2  -  N)  ,  <  *  < 


Nir. 


Then,  like  the  half-plane  diffraction  discussed  in  Section  4.2,1,  the  scattered  magnetic  far  fields 
corresponding  to  oblique  incidence  of  the  illuminating  plane  wave  are 


Hu  Hi  f— cl(kp  slnOo  +  W4)  g-Uaco»0o 
'irkpslnOo' 


sin 


ir  - 


J1 


'  2n(c<»^  -  co,a^) 
s  Hu9  fi’, 


'  0  <  4.  <  2  IT, 


(66) 


and 


Hu  H,  +  WO  --UoiCWO, 

'  Wkpslneo/ 


sin^L^ 

N 


2n(«»^  -  oas^) 

Bi  Hua 


-  (2  “  N)Tr  <  4*  <  Nir, 


(67) 
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As  done  above  in  treating  the  TM  case,  we  transform  (67)  to  the  (p,  4>’.  2)  coordinate  system  with  <})' 
defined  by  (61),  obtaining 


Ho.  H)  ( - - - 1^  el(kpsln9o  +  Tr/4)  e-UcscosSo 

‘  WkpsinBf,/ 


.  TT  —  6* 


2n(cos-|^  +  cos— 


§0. 


=  H2se  e^. 


Use  of  [cf.  (13b)}  Es4,  =  -ZOH.0,  and  substitution  of  (66)  and  (68)  into  (24a)  then  yields 


(63) 


dEf  (f)  =  dE^f  (f)  +  dE™  (f) 


(69) 


with 


- TB  .  Hi,  £**“■  ^  N 

dE]?(f)  -dz'  Zo  -r|-  I - J - 1 - - 

^  sin6o  4iTr  4>o  -rr  -  ai 

Nicos-jl  -  cos 


TT  -  ai 

rT 


— (sin<|)  <|)  -  (cost})  cos6  +  cosoi  sin0  cotOo)^]) 


and 


dEj,“(f)  -dz'  2„  "I  “v'" - ^ - 

sine,  ^ 


(sin(t>'  ^  -  (cos4>'  cosO  +  cosa2  sln9  cot0o)0]. 


(70) 


(71) 


Finally,  wc  transform  (71)  back  to  die  (p,  4»,  z)  coordinate  system  to  obtain 
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4.3  Comparison  of  the  Physical  Optics  Incremental  Far  Fields  for  a  Wedge  With  Knott’s 
Expressions 

Just  as  total  Incremental  far  fields  arc  obtained  by  our  metliod  starting  with  the  total  cylindrical  far 
field,  one  can  obtain  physical  optics  incremental  far  fields  by  starting  with  expressions  for  the  cylindrical 
PO  far  field.  Such  PO  Incremental  far  fields  arc  Important  since,  In  practical  computational  applicatiorts,  it 
is  often  desired  to  supplement  the  PO  far  field  (obtained  by  numerical  integration  of  the  PO  surface 
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currents)  with  the  far  field  radiated  by  the  nonuniform  currents,  This  latter  far  field  can  then  be 
obtained  by  integrating  the  nonuniform  current  incremental  far  field  that  has  been  found  by  subtracting 
the  PO  incremental  far  field  from  the  total  incremental  for  field. 

In  this  section,  we  derive  PO  incremental  fiir  fields  for  the  wedge  and  compare  these  with  expres¬ 
sions  given  by  Knott, who  shows  that  the  difference  between  Michaeli’s^®  and  Mitzner’s^^  incremen¬ 
tal  far  fields  are  simply  the  PO  incremental  far  fields.  Ihe  starting  point  for  obtaining  the  PO  incremental 
far  fields  for  the  wedge  is  the  cylindrical  PO  far  field  of  each  face  of  the  wedge  (see  Figure  4  for  the 
wedge  geometry).  In  Section  4.2,  to  obtain  expressions  for  the  incremental  total  far  field,  we  began  with 
the  two-dimensional  far  field  corresponding  to  normal  incidence  of  the  illuminating  plane  v/ave,  from 
which  the  cylindrical  far  field  for  oblique  incidence  was  obtained  by  a  simple  substitution  using  a 
method  described  by  Senior  and  Uslenghi^s  and  Jull.^^  The  same  procedure  cannot,  in  general,  be  used 
to  derive  the  cylindrical  PO  far  field  for  oblique  incidence  fix>m  the  two-dimensional  PO  far  field  for 
normal  incidence  since,  unlike  the  total  field,  the  PO  fields  do  not  satisfy  the  boundary  condition  that 
the  tangential  electric  field  vanishes  on  the  surfaces  of  the  scatterer.  In  particular,  the  PO  fields 
associated  with  a  TE  incident  plane  wave  do 

not  remain  transverse  for  oblique  incidence.  Hence,  we  will  obtain  the  cylindrical  PO  far  field  for 
oblique  incidence  direcdy. 

We  begin  with  a  TM  (E-polariaed)  incident  plane  wave  with  the  incident  electric  field  given  by  (45). 
The  incident  magnetic  field  is  then 


H, 


El  » 

rj-  exp[-lkp  sin0o  cos(4)  -  <|)o)  -  ikz  cosBoJ^o- 


On  face  1  of  the  wedge,  4)  «  0  and  the  unit  normal  is  so  that  the  PO  current  is  given  by 


Kj  =  2Ui^  sin(t>o  exp(-ikp  sinBo  cos({)o  -  ikz  cosBo)2 


(73) 


where 


Ui  3  U(Tr  -  4>o) 


with  U(x)  the  unit  step  function  (0  for  x  <  0,  1  for  x  >  0).  On  face  2  of  the  wedge,  <{)  =  Nir  and  die 
unit  normal  is  sin  N-td  -  cos  Nnf ,  so  that  the  PO  current  is 

K2  =•  2U2^  sin(N‘tr  -  ^0)  cxp{-ikp  sinBo  cos(N‘tT  -  (})o)  -  ikz  cosOoJi  (74) 

where 


U2  3  U(4)o  -  (N  -  1)^]. 
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The  PO  magnetic  for  field  may  be  found  from  (6).  Since 


fo  X  2  =  -  sinOo 


(6)  with  (73)  gives 


P  exp[i(kp  sin0o  -  kz  cos6o  +  f )]  j  a 

(f)  ^  -  2Ui|!- - ^ - 1-1  -  t 

Zo  (Sirkp  sinSo)^  cos^q  +  cos9 


from  which,  with  (13b),  we  obtain  the  PO  electric  for  field 


exp[i(kp  sln0o  -  kz  cos0o  +  5-)]  a 


(75) 


pPO  Air 
^le  ®o* 


For  fece  2  of  the  wedge,  before  applying  (6),  it  is  necessary  to  transform  to  the  (p,  <}>'  z)  coordinate  system 
with  <}>'  given  by  (61),  since  (6)  is  based  on  the  assumption  that  the  current  sheet  is  in  the  zz-plane.  Thus, 
the  foctor  exp(-  ikx'  sin0o  cos(}>)  in  (6)  is  replaced  by 


cxp(“ikx'  sin0o  cos<|)')  =  exp[-lkx'  sinOo  cos(N'tf  -*  «j))]. 


Then  (6)  with  (74)  gives 


uPO  r-A(”  ~  2U  ^  exp(i(kp  sln0o  -  kz  cosOq  +  ■Tr/4)1 
^  ^  Zo  (frtrkp  sinOo)*^ 


sln(NTT  -  (})o)  . 

CM(Nu  -  (j)o)  +  CCW({>'  ^ 


and  hence,  usiitg  (13b), 


ffl  w  -  2U,E,  slnOo  -  kz  cosOq  -f  Tr/4)1 

^  (fiirkp  slnea)^^ 


oos(N'!r  -  <}>o)  +  cos4>*  ®o'  ®  ^  v  Zir, 


(76) 


a 


IT 

O 
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Substituting  (75)  and  (76)  in  (17-18)  or  equivalently  in  this  TM  case  (24b),  then  yields  the  PO  incremen¬ 
tal  electric  for  field 


dpo  (f)  =  dlf^  (f)  +  dE^°  (f) 


(77) 


with 


4 


dlf^  (f)  -  dz'  Ui 


Elz  e**^  sin6 _ 2sin(})o 

sin6o  4Trr  sinOo  cos4)o  +  cosai 


(78) 


and 


dEfO  (f)  -  dz'  U2  ^  i- 


% 

sin0o 


e**^  sin9  2sin(NTT  -  4)o) 


4Trr  sin0(j  cos(N'ir  -  i\>o)  +  cosa2 


(79) 


where 


Ui  =  cos“^ 


,  0  <  4)  <  2'ir, 


and 


-  P  -  N)i.  <  *  <  N,. 

Knott’s  expression  for  the  PO  incremental  far  field  is  given  by  (48)  witli  M  ^  0  (TM  illumination) 

Bii2i  Di 

I  „  — - — ^ 

kZo  sin^Oo 


widi 


* 


» 


U._?!n^a -  +  _ 

cos<{»o  +  cosai  ^  cos(N‘ir  -  <j)o)  +  cosa2 


where  we  have  made  use  of  the  correspondences  P  ♦+  0,  P'  <->  tr  -  0(„  (J)'  ({i^,  n  ♦+  N,  U'*'  Ui,  U" 

4-*  U2,  Z  Zo,  Ett  Elz,  and  Ifi  **  1  between  Knott’s  notation  and  ours.  Knott's  expression  is  thus  seen 
to  agree  wltli  our  expression  given  by  (77)  with  (78)  and  (79). 


31 


Wc  now  obtain  the  PO  incremental  diffraction  coefficient  for  an  infinite  wedge  illuminated  by  the  TE 
(H'polarized)  incident  field  given  by  (50).  On  face  1,  the  PO  surface  current  is 

Ki  =  2UiHi  exp(-ikp  sinBo  cos4>o  -  ikz  cosBeXsinBoi  +  cosBo  cos<}>o2), 

while,  on  fiu:e  2,  the  PO  current  is  found  to  be 

K2  =  -2U2H|  exp[-ikp  sinBo  cos(Nir  -  <i)o)  -  ikzcosBo] 

•  (cosNir  slnBoS:  +  sinNir  sinBo^  +  cosBo  cos(Nit  -  4>o)21- 

We  next  apply  (6)  to  find  the  PO  magnetic  far  field.  Since 

fo  X  (sin6<^  +  cosBo  cos4)oi)  =  sin6o(sin4)§^  -  co$6o(cos4)o  +  cos<j))4>] 

t 

[recall  that  are  the  standard  (f,  d,  spherical  coordinate  system  unit  vectors  evaluated  at 

6  o  ir  -  Go  and  <{)] 


(i)  2UtH.  _ 1 . . 

‘  (fiirkp  sinBo) cos«j)o  +  cos<j) 


(sin<!>  -  cosBo  (cos<|»o  +  cos<{))$} 


a  ^1+  4*. 


fiom  which  (17)  and  (18)  yield  die  PO  incremental  electric  far  field  for  face  1  of  die  wedge 


dfijo  (f)  -da'  UiZo 


Hte 


SinBo  cos4»o  +  cosaj 


{sin4>  -I*  -  (cos4>  cosB  -  cosito  sinO  cot0o)6} 


(80) 


"  CO,- (saeafe),  0  <  *  <  2,. 
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For  £ice  2  of  the  wedge, 


fo  X  [cosN-ir  sinBoil  +  sinNir  sinGo  t  +  cosGq  coafN-ir  -  <})o)2] 


=  -  SinGo  {sin(N'ir  -  <i))6o  +  cos0o[cos(Nir  -  (|>o)  +  cosfNTr  -  <1)))4>}. 


j  Transforming  to  the  (p,  4»',  z)  coordinate  system  witli  <}>'  given  by  (61)  so  that 


sinCNir  -<{))  =  -  sin<|)' 


cosCNtt  —  <j))  =  cos  <t>' 


and  applying  (6),  the  PO  magnetic  far  field  is  found  to  be 


(f)  w  2U2H| 


expfirtep  sinGo  -  kz  cos  Go  +  tt/4) 


(Sirkp  slnGo)*^ 


- '^5  Tlo^'*  +  -osOo  (cosCN-ir  -  <i)o)  +  eos<i»’l<i.} 


from  wlilch,  widt  (17)  and  (18),  wc  obtain  the  PO  incremental  electric  far  field  for  face  2  of  the  wedge. 


dE?®  (f)  rw  dz'UaZo  4%-  - — ^ - 

^  slnOo  4Trr  cos(Nit  -  (5>o)  + 


{siruj)'  4>  “  lcos4»'  cosO  -  cos(Ntr  -  «!>,,)  sinO  cotOolO} 


tkt  ^2^  SinGo  4'iTr  cos(Nir  -  4>o)  +  cosoj 


{sln(Nir  -  <!))<{>  +  [cosfNir  -  (J>)cosO  -  cos(Ntr  -  4>a)sinG  cotGolO} 


«  cos-«F— 7^-- 

t  sinG-  I  I  .filnO- 


,  —  (2  “  N)u  <  4)  <  Nit 
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Thus,  the  PO  inaemcntal  electric  far  field  for  the  wedge  for  TE  illumination  is 


(f)  =■  dlj®  (r)  +  dE|°  (f) 


(82) 


with  dl^  and  dE|®  given  by  (80)  and  (81).  respeaively. 

Knott’s  expression'®  for  the  TE  incremental  PO  clecuic  far  field  for  the  wedge  is  given  by  (48)  with 


Hte2iD^  ^  -Hto2i  ZqDj. 

^  “  FsSFK’  ”  ksin0oSinO  ’ 


d;,  =  -Ui  (-0-^#-  -  +  cos0o)  +  Uaf-  +  cose, 

*  'cos<t>  +  cosai  '  Icos(N'it  -  (j)o)  +  cosoz 


D’  5s  Tj  sin(b  _  y  sin(N-rr  -  6) 

'  cos4>o  +  cosoi  ^  coscNtr  -  4>o)  +  cosa2’ 


and 


Q 


1  -  cos9  cosAq 
sin6  sinOo 


(cos0  +  COS0o)  =* 


sln0Q 

sine 


,cosO  + 


sin^e  COS0O  \ 
sinOo  /* 


where,  in  addition  to  the  correspondenet  already  noted  benveen  Knott's  notation  and  ours,  we  have  used 
H((  ♦♦  Hfc,  and  !«,  **  M.  To  facilitate  comparison  between  Knott’<i  expression  and  ours,  we  rewrite  Knott’s 
expression  in  the  form 


dgi^  «. 


(dEj^  +  dE^e  +  (dfitj  +  dB^4> 


(83) 


where 

dEj?- 


5^  C  +  «»««« co<iw  -  sbu,  co<e„] 

dz'  Ui^  .£^1 _ _ 

^  sin0o  itrr  cos4»o  +  cosa,’ 


(84) 

(85) 

(86) 
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(87) 


dE 


PO  _ 
2<!>  ~ 


-dz'  UzZo 


Hfc,  ^  2  sinCN-tr  -  d)) _ 

sinQo  ^irr  cos(N'ir  -  4>o)  +  cosa2' 


Starting  with  the  0-terms  and  comparing  (84)  and  (85)  with  the  0-components  of  (80)  and  (81),  respec¬ 
tively,  we  see  that  there  is  complete  agreement  between  Knott’s  expression  and  ours,  while  comparing  (86) 
and  (87)  with  the  4)-components  of  (80)  and  (81),  respectively,  it  is  seen  that  there  is  agreement  to  within 
the  sign  of  (86)  and  complete  agreement  of  the  4)-components  for  the  second  face  of  the  wedge.  The 
difference  of  sign  between  Knott’s  expression  and  ours  for  the  <j>-component  of  the  incremental  TE  physical 
optics  far  field  for  face  1  is  the  result  of  a  misprint  in  the  sign  of  the  right-hand  side  of  Knott’s  Eq.  (20)  for 
D^,  which  he  corrects  in  Reference  33. 

In  concluding  this  section,  we  want  to  draw  attention  to  the  essential  simplicity  of  our  method  for 
obtaining  incremental  far  fields.  As  seen  above  with  the  examples  of  the  half-plane  and  infinite  wedge,  all 
that  is  needed  is  an  expression  for  the  cylindrical  far  field  of  each  of  the  planar  surfaces  comprising  the 
scattering  object.  The  incremental  far  field  is  then  obtained  by  straightforward  substitution  of  the 
components  of  the  cylindrical  far  field  in  the  general  expressions  (23)  and  (24)  or  (17)  and  (18).  No 
current  integrations  are  required. 


5.  INCREMENTAL  FAR  FIELDS  FOR  THE  INFINITE  STRIP  AND  SLIT 

We  now  obtain  incremental  far  fields,  total  and  physical  optics,  for  the  perfectly  conducting  infinite 
strip  and  the  complementary  infinite  slit.  To  the  best  of  our  knowledge,  this  is  the  first  time  that  such 
expressions  have  been  derived.  Our  expressions  for  the  total  incremental  far  fields  are  given  for  the  low 
frequency  approximation  (that  is,  narrow  strip  and  slit),  but  the  method  used  to  obtain  them  is  fully 
applicable  to  any  size  strip  or  slit. 


5.1  Incremental  Total  Far  Field  for  the  Strip 

Following  Asvestas  and  Kleinman,^**  the  strip  of  width  d  is  defined  in  terms  of  Cartesian  coordinates 
(x,  y,  z)  by  y  =  0,  |x|  £  d/2,  so  that  the  strip  lies  in  the  xz-plane  with  the  edges  of  the  strip  parallel  to  the 
z-axis;  in  other  words,  as  showm  in  Figure  1,  but  with  the  center  of  the  strip  at  x  =  0.  The  direction  vector 
of  the  incident  plane  wave  forms  angles  of  ir  +  4>o  and  tt  -  6o  with  the  positive  x-axis  and  z-axis 
respectively. 

We  begin  with  a  TM  incident  plane  wave  and  the  incident  electric  field  given  by  (45).  For  0o  =■  'it/2, 
the  scattered  electric  far  field  is  given  by^^ 

where,  in  the  low  frequency  approximation 

2 

Pi  (4>.  4>o.  kd)  =  -IT  ^  T2n  (4>.  <l>o;  P)  +  o  (c’) 
n  ■  0 


with 
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c  =  ^  kd, 

p  =  In  ^  +  7  -  y, 

7  =  0.5772157  .  .  .  =■  Euler's  constant. 


T2  = 


■y , 

_1  cos'^d) 
4  2p 


-  COS(t)o  COS<j)  - 


and 


Ji 

2 


COS^(J> 


These  expressions  taken  from  Asvestas  and  Klclnman^^  arc  valid  for  all  values  of  4>  and  4>o.  For  brevity, 
we  have  Included  only  terms  through  c^  In  the  scries  for  Pj.  Expressldm  for  higher  order  terms  are 
given  In  Asvestas  and  Klelnman^^  and  MiUar.^^  The  scattered  electric  far  flcld  corresponding  to  oblique 
incidence  is  then 


'  'J  \  1/2 


(88) 


Substitution  of  (88)  Into  (24b)  yields  titc  incremental  electric  far  field 


dS™  (i)  -  dz’  Eu 


slnO 

sln^Oo 


^Ikr 

4P,  (a.  ^  kd  sln0«) 


a 


cos~‘ 


'sinO  cosd)  ] 
‘  slnOo  ' 


(89) 
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with  the  incremental  magnetic  far  field  obtained  from  (18) 


dH  ™  (f)  w  -  dz'  ^ 


sinB  e'*“' 
sin^Bo  ^irr 


4Pi  (a,  <j)o,  kd  sin<i>o)ii>. 


(90) 


Next,  we  consider  the  strip  illuminated  by  a  TE  (H-polarized)  incident  plane  wave  given  by  (50).  For 
Bo  =  ir/Z,  the  scattered  magnetic  far  field  is  given  by^'* 


4 

^  ^2(<l3.  <t)o.  kd) 


where,  in  tlie  low  frequency  approximation 

P2(4>.  <t>o.  kd)  =  tre^  ^  Tan  (4>.  4>oi  P)c^"  +  o(c5) 
n  “  0 


with 


»o 


J, 

4 


sln(i)o  sin<{). 


Ta  » 


sln(|)o  slnv  cos*(t>  +  ^  cos(t»o  cos<j)  +  (p  -  ^  + 


and  c  and  p  arc  defined  as  for  TM  illumination.  These  expressions  arc  valid  for  all  values  of  <{>  and  4)0. 
Expressions  for  higlicr  order  terms  in  the  series  for  Pa  arc  to  be  found  in  Asvestas  and  Klcinman^"*  and 
Millar.)^  The  scattered  magnetic  far  field  corresponding  to  oblique  incidence  of  the  illuminating  plane 
wave  is  then 


H, 


\m 


iTkp  slnOo ' 


gKkpHnO,  -  tacoie*  +  TT/o  P2(4,,4,„,  jed  sin  0o)6^ 


(91) 


s  H,6  0* 


By  substituting  (91)  in  (23a)  and  using  (13b),  wc  obuin  the  incremental  magnetic  far  field 


dHj®  (f)  -dz'  1^  ~  ^  (‘^  +  COSO  slnB  cot6o)<J»]  (92) 


sino 


o  “  cos 


-i/sinO  cos4)\ 
'  sinOo  ' 
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with  the  corresponding  incremental  electric  far  field  then  given  by 


dEjB  dz'  Zo 


Hb  e»^ 
sin0o  4'nT 


4P2(a,  ({>o,  kd  sinBo) 

sina 


•  [sin<t)  $  -  (cos<{)  cos9  +  cosa  sinB  cotBo)^]- 


(93) 


5.2  Incremental  Far  Fields  for  the  Infinite  Slit 

The  slit,  of  width  d,  is  defined  in  terms  of  Cartesian  coordinates  (x,  y,  z)  to  be  complementary  to  the 
strip  in  the  xz-piane,  y  =  0,  |x|  a  d/2.  As  with  the  strip,  the  direction  vector  of  the  incident  plane  wave 
forms  angles  of  ir  +  <t>o  and  tt  -  Bo  with  the  positive  x-axis  and  z*axis,  respectively.  Here,  we  restrict  4>o  to 
lie  between  0  and  <17. 

We  consider  first  TM  (E-polarization)  illumination  with  the  incident  electric  field  given  by  (45). 
Application  of  Babinet’s  principle^^  enables  us  to  obtain  the  electric  far  field  Ej  diffracted  by  the  slit  with 
TM  Illumination  fix)m  the  magnetic  far  field  scattered  by  the  strip  with  TE  illumination. 

Specifically, 

(ifj^'iinBo)'^  ^  «l>o.  kd  slnBo)  6^  (94) 


a  E<se  fi" 


Cfhe  total  field  in  the  illuminated  half-space  y  >  0  is  equal  to  tl.e  field  that  would  be  there  if  no  slit  were 
present- the  incident  and  reflected  field— plus  the  diffracted  field,  whereas,  in  tlte  half-space  y  <  0  behind 
the  screen,  the  total  field  is  given  by  the  diffi-acted  field.)  Substitution  of  (94)  in  (24b)  then  yields  the 
incremental  diffracted  electric  far  field 


(f) 


sine 


o  “  cos" 


(95) 


witli  the  ctHTcsponding  Incremental  diffracted  magnetic  far  field  giver  by  (18), 


(f)  -dz' 


Bfa  .  sinG 
Zo  sln^o 


.ii<r 


(96) 


Next,  wc  treat  TE  (H-polarization)  illumination  with  the  incident  magnetic  field  given  by  (50).  Using 
Babinet's  principle^  again,  wc  obtain  Uic  magnetic  far  field  diffracted  by  the  slit  with  TE  illumination  from 
the  electric  &r  field  scatmred  by  the  strip  with  TM  illumination. 
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(97) 


Sir 


=  Hde  e^ 


i 

» 


Substituting  (97)  in  (23a),  we  obtain  the  incremental  diffracted  magnetic  far  field 


-dz' 


Hb  ^ 

sin9o  4'nT 


4Pi(a,  <j)o,  kd  sinGo) 
sina 


slnd) 

sin<j> 


(98) 


•  [sin4)  6  +  (cos4»  COS0  +  cosa  sin8  cot0o)^],  a  =  cos  ^ 


and  the  corresponding  incremental  diffracted  electric  ^  field  is  then 


dEj®  (f)  dz' 


ZpHb 

sin0o  4ttc 


4Pi(a.  4>o.  kd  sin0o)-j|^ 
sina 


(99) 


•  [sincj)  -  (cos4>  COS0  +  cosa  sin0  cot0o)6)- 


i 

t 


5.3  Incremental  Physical  Optics  Far  Field  for  the  Strip  and  Slit 

In  obtaining  incremental  PO  far  fields  for  the  strip  and  slit,  it  suffices  to  limit  attention  to  either  the 
strip  or  the  slit.  This  is  because  the  sum  of  the  PO  diffracted  far  field  of  the  strip  and  complementary  slit  is 
the  PO  diffracted  far  field  of  the  entire  plane,  which  is  equal  to  zero  if  it  is  assumed,  as  is  done  consistently 
in  this  report,  that  the  PO  surface  current  vanishes  at  infinity.  Hence,  the  PO  diffracted  far  field  of  the  slit  is 
the  negative  of  the  PO  far  field  of  the  complementary  strip. 

The  geometry  of  the  strip  and  incident  illumination  are  defined  as  in  Section  5.1.  We  note  that  the  PO 
surface  currents  excited  on  the  strip  for  cither  TM  or  TB  illumination  arc  identical  in  form  to  those  excited 
on  face  1  of  the  wedge  for  the  given  illumination.  Hence,  In  applying  (6)  to  obtain  the  PO  magnetic  far 
field  for  the  strip,  the  strip  differs  from  face  1  of  the  wedge  only  in  that  the  effective  limits  of  the  K(x') 
integration  arc  ^6/2  to  d/2  for  the  strip,  and  zero  to  infinity  for  the  wedge.  Thus,  the  PO  incremental  far 
fields  for  the  strip  can  be  obtained  from  those  found  in  Section  4.3  for  face  1  of  the  wedge,  (78)  and  (80), 
shnply  by  multiplying  tiic  face  1  incremental  wedge  fields  by  the  factor 


g  -  Uoc'  sInOo  co«4>o  -  Ikx'  slnSa  co»4>((x' 


g-lla'«lnSoCOs4>a  ~  Uo'  sInOa 


Iff! 

21  sin  ~  sinOo  (cos4)o  +  cos<t>) 


(100) 
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6.  SUMMARY 

After  introducing  incremental  diffraction  theory  in  Section  1,  we  derived  in  Sections  2  to  3-1  exact 
e}q}ressions  (17-18)  for  the  three-dimensional  incremental  diffraction  coefficients  in  terms  of  the 
conventional,  two-dimensional  diffraction  coefficients  of  perfectly  conducting,  planar  scatterers.  Section 
3.2  explained  how  the  necessary  two-dimensional  fer-fleld  functions  are  analytically  continued  into  the 
domain  of  imaginary  values  of  the  a2imuthal  angle  ({>. 

In  Section  3.3,  we  showed  that  an  isolated  singularity  in  the  two-dimensional  far  field  transforms  to  a 
cone  of  singularities  in  the  Incremental  fer  fields.  Moreover,  Section  3.3  showea  that  the  exact  expres¬ 
sions  for  the  incremental  far  fields  can  be  generalized  to  allow  increments  of  current  that  are  skewed 
rather  than  normal  to  the  axis  of  the  two-dimensional  scatterer,  merely  by  replacing  t  in  (17-18)  witli  14, 
given  in  (22).  When  this  generalization  is  applied  to  the  infinite  wedge  and  the  skew  angle  is  chosen 
along  the  grazing  diffracted  ray,  the  cone  of  singularities  associated  with  the  diffiacted  ray  reduces  to  a 
single  direction  and  the  corresponding  results  of  References  27  and  37  are  obtained. 

In  Section  3.4,  the  Incremental  far  fields  were  separated  into  TE  and  TM  fields  (23-24). 

In  Section  4.1,  the  ejgjression  (17)  for  the  three-dimensional  incremental  far  magnetic  field  was 
integrated  over  an  infinite  straight  line  to  prove  that  the  two-dimensional  far  magnetic  field  is  recovered, 
in  the  remainder  of  Section  4,  we  further  confirmed  the  validity  of  the  general  expressions  by  showing 
that  PTD,  GTD,  and  PO  incremental  diffraction  coefficients  obtained  by  direct  substitution  into  (17-18) 
and  (23-24)  agree  with  the  results  of  Mitzner,^^  Michaeli,^®-^^  and  Knott,  respectively,  in  the  case  of 
the  infinite  wedge. 

In  Section  5,  we  determined  the  total  and  PO  incremental  diffracted  fields  of  the  Infinite  strip  and 
complementary  infinite  slit  by  direct  substitution  into  the  general  expressions  derived  in  Sections  2  to  3. 

As  a  concluding  invitation  to  further  analysis,  there  remains  the  question  of  whether  the  method  of 
direct  substitution  derived  here  for  determining  three-dimensional  incremental  far  fields  from  the 
corresponding  two-dimensional  far  fields  can  be  extended,  at  least  in  some  cases,  to  curved  surfaces  and 
penetrable  scatterers. 
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Appendix  A 


To  prove  (4),  change  the  integration  variable  z'  to  z"  •-  z'  ~  z,  so  that  the  integral  becomes 

F(p,z)  =  ^  d?"  =  e-‘P^Fo(p),  p  s  kcosOo-  (Al) 

Because  (V^  -f  k^)  e‘'‘'‘' "  -  f'|  =  -  4tt  8(f  -  f'),  taking  the  Laplacian  of  (Al)  shows  that  Fo(p) 

obeys  the  scalar  wave  equation 


Vj  Fo  +  (k^  -  p2jFo  =  -4Tr  8(p  -  p'). 

=  V2  - 
‘  "  az2 


(A2) 


Letting  p  -»■  oo  in  (Al),  one  sees  that  Fo(p)  satisfies  the  radiation  condition 


Thus,  (A2)  has  the  well-known  unique  solution 


Fo  =  lirHW(Vk2  -  p2  Ip  -  P'l). 


(A4) 
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